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Let0 — A+ B8+ C 0 be a short exact sequence of
modules. Then B satisfies accending chain condition on submodules
(resp.descending) iff A and C satisfy it.

Suppose that B satisfies ACC

To prove , A and B satisfy the ACC

claim:A satisfies ACC

Given 0 — A " B 54 C — 0is a short exact sequence
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modules. Then B satisfies accending chain condition on submodules
(resp.descending) iff A and C satisfy it.

Suppose that B satisfies ACC
To prove , A and B satisfy the ACC
claim:A satisfies ACC
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Let0 — A+ B8+ C 0 be a short exact sequence of
modules. Then B satisfies accending chain condition on submodules
(resp.descending) iff A and C satisfy it.
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To prove , A and B satisfy the ACC
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Given 0 — A —— B - C — 0 is a short exact sequence
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Let0 — A+ B8+ C 0 be a short exact sequence of
modules. Then B satisfies accending chain condition on submodules
(resp.descending) iff A and C satisfy it.

Suppose that B satisfies ACC

To prove , A and B satisfy the ACC

claim: A satisfies ACC

Given 0 — A —— B - C — 0 is a short exact sequence
of modules.

Im(f) = f(A),a submodule of B = f(A) satifies ACC.

fisl—1 = A=Zf(A) =
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Let GG € G, C G5... be a chain of submodules of C

= g 1(G) C g (Q)... is a chain of submodules of B.
B satisfies ACC = dnst g }(C)=g YC,)Vi>n
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Let GG € G, C G5... be a chain of submodules of C
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Let By C B, C B3... be a chain of submodules of B

For each i , Let | A; = f1(f(A) N Bj) C=g(B)|l i=12---

Here A; is a submodule of A and C; is a submodule of C.
Let f; be the restriction of f on A; and g; be the restriction of g on B;

i.e fi = f|a and g = g|B,
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Let By C B, C B3... be a chain of submodules of B

For each i , Let | A; = f1(f(A) N Bj) C=g(B)|l i=12---

Here A; is a submodule of A and C; is a submodule of C.

Let f; be the restriction of f on A; and g; be the restriction of g on B;
i.e i =fla and g; = gl
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Here A; is a submodule of A and C; is a submodule of C.

Let f; be the restriction of f on A; and g; be the restriction of g on B;
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Let By C B, C B3... be a chain of submodules of B

For each i , Let | A; = f1(f(A) N Bj) C=g(B)|l i=12---

Here A; is a submodule of A and C; is a submodule of C.

Let f; be the restriction of f on A; and g; be the restriction of g on B;
i.e i =fla and g; = gl

f:A— B = f;: Ai — B such that fi(x) = f(x) Vx € A

But fi(A;) = f(A;) = f(A) N B; C B; Therefore f; : A; — B;

Similarly g; : Bi — C and gj(B;) = g(B;) = C;. Therefore g; : Bi — C;
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To prove Im f; = Ker g; i = 1,2, ---

y € Im fi & y = fi(x) for some x € A
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& f(x)elmf
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Claim:0 — A; L> B; LU C; — 0 is a short exact sequence
To prove Im f; = Ker g; i = 1,2, ---
y € Im fi & y = fi(x) for some x € A
&y =f(x)
& f(x)elmf
& f(x) € Ker g [ Im f = Ker f]

&y € Ker gi
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y € Im fi & y = fi(x) for some x € A
&y =f(x)
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& f(x) € Ker g [ Im f = Ker f]
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< g(filx)) =

fi(x)) =0 [ x € Al
& gi(fi(x)) =0 [ fi(x) € Bi]
< gi(f(x)) =0 [ x € Al

&y € Ker gj
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Claim:0 — A; L> B; LU C; — 0 is a short exact sequence
To prove Imfi = Ker g; i = 1,2, --
y € Im fi & y = fi(x) for some x € A
@yZ(@
& f(x)elmf
& f(x) € Ker g [ Im f = Ker f]

= g(f(x)) =0

& g(f,-(x)) =0 [.-x € A]

& g,-(f,-(x)) =0 [. fi(x) € Bj]
<:>g,-(f(x)) =0 [ ‘X € A,']

< gi(y) =0

&y € Ker gi
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BiCB CB;... — f(A)ﬂB]_Qf(A)ﬁBzQH'
— f‘l(f(A)ﬁ Bl) C f‘l(f(A)ﬂBg) C...
= A; C A, C --- , a chain of submodules of A.

A satisfies ACC = 3 ny such that A; = A, Vi > m
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= YH(f(A)NB) CFHf(ANB) C---
— A; C A, C --- | a chain of submodules of A.
A satisfies ACC = 3 ny such that A; = A, Vi > m

BiCB CB... = g(B1)Cg(B)<---
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BiCB,CB;s... = f(AANBL Cf(AANB C -~
= fYf(A)NBy) CFLHF(ANB) C---
= A; C Ay C--- , a chain of submodules of A.

A satisfies ACC = 3 ny such that A; = A, Vi > m

BiCB CB... = g(B1)Cg(B)<---

= (7 € Gy... is a chain of submodules of C.
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BiCB CB... = g(B1)Cg(B)<---
= (7 € Gy... is a chain of submodules of C.
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BiCBCB;s... = f(AANBICf(AANBC---
= YH(f(A)NB) CFHf(ANB) C---
— A; C A, C --- | a chain of submodules of A.
A satisfies ACC = 3 ny such that A; = A, Vi > m
BiCB CB... = g(B1)Cg(B)<---
= (7 € Gy... is a chain of submodules of C.
C satisfies ACC = J np such that GG = C,,, Vi > m

Let n =max{ny, m}, Ai=A,andC; =C,Vi>n
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Where « and v are the identity maps,[since A, = A; and C, = C; |
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Where « and v are the identity maps,[since A, = A; and C, = C; |
B be the inclusion map [since B, C Bj]

a, [, are homomorphism of modules and v, +y are isomorpisms.
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0 A B &, 0

Where « and v are the identity maps,[since A, = A; and C, = C; |
B be the inclusion map [since B, C Bj]
a, [, are homomorphism of modules and v, +y are isomorpisms.

By Short five lemma [ is an isomorphism.
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Where « and v are the identity maps,[since A, = A; and C, = C; |
B be the inclusion map [since B, C Bj]
a, [, are homomorphism of modules and v, +y are isomorpisms.
By Short five lemma [ is an isomorphism.
—> [ is the identity map and B, = B; Vi >n
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0 s A, —" . B &, C, 0
S I B
0 A B &, 0

Where « and v are the identity maps,[since A, = A; and C, = C; |
B be the inclusion map [since B, C Bj]
a, [, are homomorphism of modules and v, +y are isomorpisms.
By Short five lemma [ is an isomorphism.
—> [ is the identity map and B, = B; Vi >n
Hence B satisfies ACC.
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Corollary

If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.
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If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.
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corollary 1.6

Corollary

If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.

A is a submodule of B =— AC B,
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Corollary

If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.

A'is a submodule of B = A C B ,B/A is a Quotient module.
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corollary 1.6

Corollary

If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.

A'is a submodule of B = A C B ,B/A is a Quotient module.
B/A = {X+A|X€B} ,if x4+ A y+Ac B/A, then
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corollary 1.6

Corollary

If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.

A'is a submodule of B = A C B ,B/A is a Quotient module.
B/A={x+Alxe B}, ifx+Ay+Ac B/A, then
(N(x+A)+(y+A) = (x+y)+A (iDa(x+A) =(ax+A),a e R
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Corollary

If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.

A'is a submodule of B = A C B ,B/A is a Quotient module.
B/A={x+Alxe B}, ifx+Ay+Ac B/A, then
(N(x+A)+(y+A) = (x+y)+A (iDa(x+A) =(ax+A),a e R

Consider the sequence 0 — A BLENY: AN B/A—0
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Corollary

If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.

A'is a submodule of B = A C B ,B/A is a Quotient module.
B/A={x+Alxe B}, ifx+Ay+Ac B/A, then
(N(x+A)+(y+A) = (x+y)+A (iDa(x+A) =(ax+A),a e R

Consider the sequence 0 — A SLANY: SN B/A—0
f:A— B, inclusion map , f(x) = x Vx € A ,homomorphism

Dr T.Rajaretnam St.Joseph’s College(Autonomous)
Commutative Rings and Modules



Theore corollaries
°0

.6

Corollary

If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.

A'is a submodule of B = A C B ,B/A is a Quotient module.
B/A={x+Alxe B}, ifx+Ay+Ac B/A, then
(N(x+A)+(y+A) = (x+y)+A (iDa(x+A) =(ax+A),a e R

Consider the sequence 0 — A SLANY: SN B/A—0
f:A— B, inclusion map , f(x) = x Vx € A ,homomorphism
¢ : B — B/A ,the canonical epimorphism i.e. ¢(x) =x+ A
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corollary 1.6

Corollary

If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.

A'is a submodule of B = A C B ,B/A is a Quotient module.
B/A={x+Alxe B}, ifx+Ay+Ac B/A, then
(N(x+A)+(y+A) = (x+y)+A (iDa(x+A) =(ax+A),a e R

Consider the sequence 0 — A SLANY: SN B/A—0
f:A— B, inclusion map , f(x) = x Vx € A ,homomorphism
¢ : B — B/A ,the canonical epimorphism i.e. ¢(x) =x+ A
px+y)=(x+y)+A=(x+A)+(y+A) =0d(x)+ ¢(y)
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Corollary

If A is a submodule of a module B ,then B satisfies the ascending
[resp.descending] chain conditions iff A and B/A satisfy it.

A'is a submodule of B = A C B ,B/A is a Quotient module.
B/A={x+AlxeB} ifx+Ay+Ac BJA, then
(N(x+A)+(y+A) = (x+y)+A (iDa(x+A) =(ax+A),a e R
Consider the sequence 0 — A BLENY: AN B/A—0

f:A— B, inclusion map , f(x) = x Vx € A ,homomorphism

¢ : B — B/A ,the canonical epimorphism i.e. ¢(x) =x+ A

px+y)=(x+y)+A=(x+A)+(y+A) =9(x)+ ¢(y)
and ¢(ax) = ax+ A = alx + A) = a(o(x
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Theorem corollaries
O o] ]

corollary 1.6

0—A-‘sB-23B/A—0

claim: Im f = Ker ¢ fx)=x, o(x)=x+A
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corollaries
oe

corollary 1.6

0—A-‘sB-23B/A—0

claim: Im f = Ker ¢ fx)=x, o(x)=x+A

y €lmf & y=f(x)=xfor somex e A

Sy e Ker g

Dr T.Rajaretnam St.Joseph’s College(Autonomous)
Commutative Rings and Modules



corollary 1.6

0—A-‘sB-23B/A—0

claim: Im f = Ker ¢ fx)=x, o(x)=x+A

y€lmf &y =f(x)=xfor somex € A
S o(x)=x+A=A [ x€A

Sy € Ker g
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corollary 1.6

0—A-‘sB-23B/A—0

claim: Im f = Ker ¢ fx)=x, o(x)=x+A

ye€lmf < y=Ff(x)=xforsomexeA

X)
S o(x)=x+A=A [ x€A
S o(x)=0+A
Sy € Ker g
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corollary 1.6

0—A-‘sB-23B/A—0

claim: Im f = Ker ¢ fx)=x, o(x)=x+A

ye€lmf < y=Ff(x)=xforsomexeA

X)
S o(x)=x+A=A [ x€A
S o(x)=0+A
& x € Ker ¢
Sy e Ker g

Commutative Rings and Modules



corollary 1.6

0—A-‘sB-23B/A—0

claim: Im f = Ker ¢ fx)=x, o(x)=x+A

y€lmf &y =f(x)=xfor somex € A
S o(x)=x+A=A [ x€A
S o(x)=0+A
& x € Ker ¢
Sy e Ker g

0—A‘yB2, B/A — 0 is a short exact sequence.
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corollaries
oe

corollary 1.6

0—A-‘sB-23B/A—0

claim: Im f = Ker ¢ fx)=x, o(x)=x+A

y€lmf &y =f(x)=xfor somex € A
S o(x)=x+A=A [ x€A
S o(x)=0+A
& x € Ker ¢
Sy e Ker g

0—A‘yB2, B/A — 0 is a short exact sequence.

By Theorem 1.5 B satisfies the ascending [resp.descending] chain
conditions iff A and B/A satisfy it.
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corollaries
oe

corollary 1.6

0—A-‘sB-23B/A—0

claim: Im f = Ker ¢ fx)=x, o(x)=x+A

y€lmf &y =f(x)=xfor somex € A
S o(x)=x+A=A [ x€A
S o(x)=0+A
& x € Ker ¢
Sy e Ker g

0—A‘yB2, B/A — 0 is a short exact sequence.

By Theorem 1.5 B satisfies the ascending [resp.descending] chain
conditions iff A and B/A satisfy it.
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corollaries
)
corollary 1.7

Corollary

If A1, Ag, -+ - , A, are submodules,then the direct
sumA; @ Ay @ - - - @ A, satisfies the ascending [resp.descending]
chain condition on submodules iff each A; satisfies it.
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Theore corollaries

)
corollary 1.7

Corollary

If A1, Ay, - -+, A, are submodules,then the direct
sumA; @ Ay @ - - - @ A, satisfies the ascending [resp.descending]
chain condition on submodules iff each A; satisfies it.
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Theore corollaries

0

corollary 1.7

Corollary

If A1, Ay, - -+, A, are submodules,then the direct
sumA; @ Ay @ - - - @ A, satisfies the ascending [resp.descending]
chain condition on submodules iff each A; satisfies it.

We prove by induction on n . Let n =2
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corollaries

0

corollary 1.7

Corollary

If A1, Ay, - -+, A, are submodules,then the direct
sumA; @ Ay @ - - - @ A, satisfies the ascending [resp.descending]
chain condition on submodules iff each A; satisfies it.

We prove by induction on n . Let n =2
AL DA = {(81,82)|31 €A, a € Az} an R module .

Dr T.Rajaretnam St.Joseph’s College(Autonomous)
Commutative Rings and Modules



corollary 1.7

Corollary

If A1, Ay, - -+, A, are submodules,then the direct
sumA; @ Ay @ - - - @ A, satisfies the ascending [resp.descending]
chain condition on submodules iff each A; satisfies it.

We prove by induction on n . Let n =2
A1 ® Ay = {(a1, a2)|a1 € A1, 2 € Az} an R module .
If (a1, a2), (8}, a5) € A1 @ As.then
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corollary 1.7

Corollary

If A1, Ay, - -+, A, are submodules,then the direct
sumA; @ Ay @ - - - @ A, satisfies the ascending [resp.descending]
chain condition on submodules iff each A; satisfies it.

We prove by induction on n . Let n =2

A1 ® Ay = {(a1, a2)|a1 € A1, 2 € Az} an R module .

If (a1, a2), (8}, a5) € A1 @ As.then

(i)(a1, a2) + (a}, a5) = (a1 + af, a2 + a5)(ii)r(a1, a2) = (ra1, raz)
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corollary 1.7

Corollary

If A1, Ay, - -+, A, are submodules,then the direct
sumA; @ Ay @ - - - @ A, satisfies the ascending [resp.descending]
chain condition on submodules iff each A; satisfies it.

We prove by induction on n . Let n =2

A1 ® Ay = {(a1, a2)|a1 € A1, 2 € Az} an R module .

If (a1, a2), (8}, a5) € A1 @ As.then

(i)(a1, a2) + (&, 3’2') = (a1 + al, a2 + a5)(ii)r(a1, a2) = (raz, rap)

claim: 0 — A SN AL @ Ay 25 Ay — 0 is an exact sequence
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Corollary

If A1, Ay, - -+, A, are submodules,then the direct
sumA; @ Ay @ - - - @ A, satisfies the ascending [resp.descending]
chain condition on submodules iff each A; satisfies it.

We prove by induction on n . Let n =2

A1 ® Ay = {(a1, a2)|a1 € A1, 2 € Az} an R module .

If (a1, a2), (8}, a5) € A1 @ As.then

(i)(a1, a2) + (&, 3’2') = (a1 + al, a2 + a5)(ii)r(a1, a2) = (raz, rap)
claim: 0 — A SN AL @ Ay 25 Ay — 0 is an exact sequence
The injuction map /4 : A1 — A1 @ Az s.t ii(a1) = (a1, a2) , is a
homomorphism
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Corollary

If A1, Ay, - -+, A, are submodules,then the direct
sumA; @ Ay @ - - - @ A, satisfies the ascending [resp.descending]
chain condition on submodules iff each A; satisfies it.

Proof.

We prove by induction on n . Let n =2

A1 ® Ay = {(a1, a2)|a1 € A1, 2 € Az} an R module .

If (a1, a2), (8}, a5) € A1 @ As.then

()(a1, a2) + (a1, @) = (a1 + a1, a2 + ay) (i) r(ar, a2) = (ray, raz)
claim: 0 — A; 25 A; @ Ay —2 Ay — 0 is an exact sequence
The injuction map /4 : A1 — A1 @ Az s.t ii(a1) = (a1, a2) , is a
homomorphism

The projection map 7 : Ay @ Ay — Ap s.t ma(ar,a) = ap , is a
homomorphism
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Theorem corollaries

corollary 1.7

O‘)A1L>A1EBA2L>A2‘)O

claim: Im i1 = Ker m .
! 2 ii(a1) = (a1,0) , m(a1, a2) = a»
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corollaries

oe
corollary 1.7

O‘)A1L>A1EBA2L>A2‘)O

claim: Im i1 = Ker m .
! 2 ii(a1) = (a1,0) , m(a1, a2) = a»

y € Ilmiy <y =i(a1) for some a1 € A;

&y € Ker mp
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corollaries

oe

corollary 1.7

. . O‘)A1L>A1EBA2L>A2‘)O
claim: Im i1 = Ker m> .
ii(a1) = (a1,0) , m(a1, a2) = a»

y € Imip & y = ii(a1) for some a1 € A;
<y = (3170)

&y € Ker m
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corollaries

oe
corollary 1.7

O‘)A1L>A1EBA2L>A2‘)O

claim: Im i1 = Ker m .
! 2 ii(a1) = (a1,0) , m(a1, a2) = a»

y € Imip & y = ii(a1) for some a1 € A;
<y = (3170)
<:>71'2(81,0) =0

&y € Ker m
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corollaries

oe

corollary 1.7

O‘)A1L>A1EBA2L>A2‘)O

claim: Im i1 = Ker m .
! 2 ii(a1) = (a1,0) , m(a1, a2) = a»

y € Imip & y = ii(a1) for some a1 € A;
&y =(a1,0)
<:>71'2(81,0) =0
< (a1,0) € Ker mp
&y € Ker m
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corollaries

oe

corollary 1.7

O‘)A1L>A1EBA2L>A2‘)O

claim: Im i1 = Ker m .
! 2 ii(a1) = (a1,0) , m(a1, a2) = a»

y € Imip & y = ii(a1) for some a1 € A;
&y =(a1,0)
<:>71'2(81,0) =0
< (a1,0) € Ker mp
&y € Ker m

The sequence 0 — A; '—1> AL ® Ay —25 Ay — 0 is exact
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corollary 1.7

O‘)A1L>A1EBA2L>A2‘)O

claim: Im i1 = Ker m .
! 2 ii(a1) = (a1,0) , m(a1, a2) = a»

y € Imip & y = ii(a1) for some a1 € A;
&y =(a1,0)
<:>71'2(81,0) =0
< (a1,0) € Ker mp
&y € Ker m

The sequence 0 — A; '—1> AL ® Ay —25 Ay — 0 is exact
By Theorem 1.5 A; @ A, satisfies the ascending [resp.descending]
chain conditions iff A; and Ay satisfy it.
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corollary 1.7

O‘)A1L>A1EBA2L>A2‘)O

claim: Im i1 = Ker m .
! 2 ii(a1) = (a1,0) , m(a1, a2) = a»

y € Imip & y = ii(a1) for some a1 € A;
&y =(a1,0)
<:>71'2(81,0) =0
< (a1,0) € Ker mp
&y € Ker m

The sequence 0 — A; SN AL ® Ay —25 Ay — 0 is exact

By Theorem 1.5 A; @ A, satisfies the ascending [resp.descending]
chain conditions iff A; and Ay satisfy it.

Thus the result is true for n = 2.By induction it is true for any n
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Lemma (Short five lemma)

Let R be a Ring and

0 A . _&8,¢ , 0
O I
0 A g g, 0

a commutative diagram of R-module homomorphisms such that
each row is a short exact sequence. Then

(i) a ,v monomorphisms = [3 is a monomorphism.
(i) a,v epimorphisms = [3 is an epiorphism.

(iii) a ,~ isomorphisms = [3 is an isomorphism.
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If a module satisfies ACC ,then
every submodule satisfies it
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Converse need not be true

If a module satisfies ACC ,then
every submodule satisfies it
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Converse need not be true

If a module satisfies ACC ,then ¥ e subrmaele and the

every submodule satisfies it

quotient module are satisfying
ACC ,then the module satisfies it
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Exact Sequences

A finite sequence of module homomorphisms ,

fi f; f fa—1 f; .
Ao 1/A1 2/A2 S > Ap_1 —— A, , is exact

provided Im f; = Ker fi1q, for i=1,2,--- . n
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Exact Sequences

A finite sequence of module homomorphisms ,

fi f; f fo— fn .
Ao Ly Al EEN Ao S : An_1 —— A, , is exact
provided Im f; = Ker fi1q, for i=1,2,--- . n

An infinite sequence of module homomorphisms ,

fi— fi fi . .
AL — A Ait1--- , is exact provided

Imfi=1Imfiiq, fori=12---
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Exact Sequences

f .
An exact sequence of the foom 0 — A — B £,C—0is
called a short exact sequence.
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Exact Sequences

f .
An exact sequence of the foom 0 — A — B £,C—0is
called a short exact sequence.

f .
In the short exact sequence 0 — A — B £,C—0,fisa
monomorphism and g is an epimorphism
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